Abstract. We describe the Aluthge transform of an unbounded weighted composition operator acting in an L 2 -space. We show that its closure is also a weighted composition operator with the same symbol and a modified weight function. We investigate its dense definiteness. We characterize p-hyponormality of unbounded weighted composition operators and provide results on how it is affected by the Aluthge transformation. We show that the only fixed points of the Aluthge transformation on weighted composition operators are quasinormal ones.
Introduction
The Aluthge transform of a bounded operator T was introduced by Aluthge to investigate the properties of p-hyponormal operators. He showed that the Aluthge transform of a p-hyponormal operator is itself a (p + 1 2 )-hyponormal operator (see [1, 2] ; see also [25] ). Various connections between an operator and its Aluthge transform were later on studied by Jung, Ko, and Pearcy, in particular with regard to the invariant subspace problem. They proved that the Aluthge transformation preserves various spectra of operators and spectral pictures, and that an operator possesses a nontrivial (hyper)invariant subspace whenever its Aluthge transform does (see [30, 31] ). They studied also iteration of the Aluthge transformation and conjectured that the sequence of consecutive iterates of the Aluthge transform of an operator is convergent to a quasinormal operator (see [30] ). Although there are many cases in which the conjecture holds (see [30] ), it was disproved in general by Thompson (see [36] more info on that matter). Further studies on the Aluthge transforms were carried (see e.g. [4, 6, 18, 19, 20, 21, 23, 29, 33, 40, 41] ). Many results in the literature devoted to Aluthge transforms dealt with concrete operators.
Unbounded weighted composition operators (in L 2 -spaces) and related operators, like composition operators or weighted shifts on directed trees, have recently become the subject of intensive study (see [13] and e.g., [7, 8, 9, 10, 11, 12, 26, 15, 16, 17, 34] ). These studies are mostly concerned with problems related to subnormality, reflexivity or analyticity. They show that the unbounded counterparts of the very classical objects of operator theory, which bounded weighted composition operators are, have very interesting and sometimes quite surprising properties. Among the many papers on the subject, [39] focuses on the Aluthge transforms of weighted shifts on directed trees. It provides examples of weighted shifts on directed trees, and composition operators on discrete measure spaces as well, the Aluthge transforms of whom have pathological properties. In particular, it is shown that the Aluthge transform of a hyponormal weighted shift on a directed tree or a hyponormal composition operator may have trivial domain, hence cannot by hyponormal.
In this paper we take the studies of [39] a step further and investigate the Aluthge transforms of weighted composition operators. We first provide a full description of the α-Aluthge transform ∆ α (C φ,w ) of an unbounded weighted composition operator C φ,w and show that it is always closable and its closure is an associated weighted composition operator C φ,wα with the same symbol φ and a modified weight function w α (see Theorem 4) . Next, we deliver sufficient conditions for the equality of ∆ α (C φ,w ) and C φ,wα (see Proposition 6) . Then, we turn to the problem of when the associated weighted composition operator C φ,wα is densely defined and show that dense definiteness of kth power of C φ,w , with k > 1, is sufficient (see Proposition 13 and Corollary 15) . The next section of the paper deals with p-hyponormality of ∆ α (C φ,w ). We begin by proving a characterization of p-hyponormality for unbounded weighted composition operators (see Theorem 21) . Because of the relation between ∆ α (C φ,w ) and C φ,wα , using the above mentioned characterization of phyponormality, we are able to describe how Aluthge transformation affects p-hyponormality of C φ,w (see Theorems 25 and 27) . In particular, we obtain an unbounded weighted composition counterpart of the classical result of Aluthge on this subject. We finish the paper by showing that the only situation when ∆ α (C φ,w ) equals C φ,w is when C φ,w is quasinormal. All our result are illustrated with various examples.
It should be mentioned, that in this paper weighted composition operators are not defined as products of multiplication operators and composition operators and we do not impose any additional assumptions on the underlying measure spaces, symbols or weight functions. Doing otherwise could be very restrictive, as discussed [13] in detail, however such a restrictive approach prevail in the literature on weighted composition operators and composition operators.
Preliminaries
In all what follows Z, R, and C stand for the sets of integers, real numbers, and complex numbers, respectively. We denote by N, Z + , and R + the sets of positive integers, nonnegative integers, and nonegative real numbers, respectively. Set R + = R + ∪ {∞}. The characteristic function of a subset Ω of a set X is denoted by χ Ω ; if no confusion can arise, 1 stands for χ X . The σ-algebra of all Borel sets of a topological space Z is denoted by B(Z). For any C-or R + -valued function f on X and ∈ {=, >, =}, we write {f 0} for {x ∈ X : f (x) 0}, whenever the expression make sense; the same applies for 0 replaced by ∞.
Let A be an (linear) operator in a complex Hilbert space H. We denote by D(A), N(A),Ā, and A * the domain, the kernel, the closure, and the adjoint of A (in case they exist) respectively. We write · A for the graph norm of A, i.e., f
We call a vector subspace E of D(A) a core for A if E is dense in D(A) with respect to the graph norm of A. In case A is closable, E is a core for A if and only ifĀ = A| E . Given two operators A and B in H, we write A ⊆ B if D(A) ⊆ D(B) and Af = Bf for all f ∈ D(A).
Let A be a closed, densely defined operator in a Hilbert space H. Then A has a (unique) polar decomposition A = U |A|, where U is a partial isometry on H such that N(A) = N(U ) and |A| is the square root of
denotes the α-Aluthge transform of A (see [1, 25] ). Let (X, A , µ) be a σ-finite measure space and φ be a transformation of X (i.e., a mapping
Clearly, µ w is σ-finite. If µ w • φ −1 ≪ µ, i.e., µ w • φ −1 is absolutely continuous with respect to µ, then by the Radon-Nikodym theorem (cf. [3, Theorem 2.2.1]) there exists a unique (up to a set of µ-measure zero) A -measurable function h φ,w : X → R + such that
It follows from [3, Theorem 1.6.12] and [35, Theorem 1.29 ] that for every A -measurable function f : X → R + (or for every A -measurable function f :
Let (X, A , µ) be a σ-finite measure space. As usual, L 2 (µ) stands for the complex Hilbert space of all square µ-integrable A -measurable complex functions on X (with the standard inner product). Let w be an A -measurable complex function on X and φ be an A -measurable transformation of X such that µ w • φ −1 ≪ µ. Then a weighted composition operator
given by
is well-defined. We call φ and w the symbol and the weight of C φ,w respectively. It was shown in [13, Proposition 9] that every well-defined composition operator is closed and its domain can be described as follows
The latter implies the characterization of dense definiteness (see [13, Proposition 10] ):
C φ,w is densely defined if and only if h φ,w < ∞ a.e.
[µ].
It is well-known that the boundedness of C φ,w can also be characterized in terms of h φ,w :
C φ,w is bounded on L 2 (µ) if and only if h φ,w is essentially bounded with respect to µ.
Considering weight function w ≡ 1 leads to a large subclass of weighted composition operators, the so-called composition operators. More precisely, assuming that φ : X → X is A -measurable and satisfies µ • φ −1 ≪ µ, the operator C φ,1 is well-defined. We call it the composition operator induced by φ; for simplicity we use the notation C φ := C φ,1 . The corresponding Radon-Nikodym derivative h φ,1 is denoted by h φ ; similarly, we write E φ (·) for the conditional expectation E φ,1 (·) (see the second paragraph following Theorem 1 below for information on the conditional expectation).
The following theorem gives a full description of the polar decomposition of C φ,w . It is worth recalling that h φ,w • φ > 0 a.e. [µ w ], hence the right-hand side of the equality in condition (ii) below is well-defined (see [13, Lemma 6] ).
Theorem 1 ([13, Proposition 18]).
Assume that C φ,w is densely defined. Let C φ,w = U |C φ,w | be the polar decomposition of C φ,w . Then
One can see that in view of the condition (i) of Theorem 1,
, the operator of multiplication by h
We proceed now by providing few necessary facts concerning the conditional expectation with respect to the σ-algebra φ −1 (A ). Assuming that h φ,w < ∞ a.e.
[µ], the measure µ w | φ −1 (A ) is σ-finite (see [13, Proposition 10] ), and thus the conditional expectation E φ,w (f ) := E(f ; φ −1 (A ), µ w ) with respect to the σ-algebra φ −1 (A ) and the measure µ w of an A -measurable function f : X → R + or a function f ∈ L p (µ w ) with some p ∈ [1, ∞] is well-defined. We will use frequently the following equalities
and
that hold for A -measurable functions f, g :
[µ] and using [13, Lemma 5 and Proposition 14] we arrive at the following helpful equality
In the second part of the paper we will frequently considers powers of conditional expectation of of functions. To make some formulas more compact we will stick to the notation
for any α ∈ R and any f such the above expressions make sense. For more information on the conditional expectation and its usage in the context of unbounded weighted composition operators see [13] . We finish the Preliminaries with the following description of the adjoint of a weighted composition operator which comes in handy when studying p-hyponormality of weighted composition operators.
Theorem 2 ([13, Proposition 17])
. Assume that C φ,w is densely defined. Then the following equalities hold:
where
For more information on unbounded weighted composition operators in L 2 -spaces the reader is referred to [13] .
Aluthge transforms of wco's
In this section we provide a formula for the α-Aluthge transform of a weighted composition operators. For convenience, brevity, and future reference we single out the following set of assumptions.
(X, A , µ) is a σ-finite measure space, w is an A -measurable complex function on X and φ is an A -measurable transformation of X such that
We begin with a basic lemma.
Lemma 3. Assume (9) . Suppose that C φ,w is densely defined. Given α ∈ (0, 1], let w α : X → C be an A -measurable function such that
Then the following conditions are satisfied:
Note that for any σ ∈ A such that µ w (σ) = 0 we have µ {w = 0} ∩ σ = 0 and consequently, in view of h φ,w < ∞ a.e.
[µ], we get µ {w α = 0} ∩ σ = 0. This and the well-definiteness of C φ,w implies that for any σ ∈ A satisfying µ(σ) = 0 we have µ wα φ −1 (σ) = 0. This gives (i). In view of (1), (6), and (8) we have
which yields (ii). Observe that, if α = 1, we also use the fact that E φ,w (h
Let f : X → R + be A -measurable. Then by (6) we get
This implies (iii) and completes the proof. 
). The first holds if and only if f ∈ L 2 (1 + h 1−α φ,w ) dµ . The second, by (5), translates into two following conditions
By (1), the inequality in (11) holds if and only if f ∈ L 2 h 1−α φ,w dµ . In turn, in view of (6), (8), and (1), the equality in (12) 
is satisfied if and only if
φ,w dµ . Combining all the above we get the desired equality.
(ii) By Lemma 3 (i), C φ,wα is well-defined. Now, by (2) and Lemma 3 (ii), we see that
(iii) Since every weighted composition operator is closed, closability of ∆ α (C φ,w ) follows from (ii). Proving that ∆ α (C φ,w ) = C φ,wα amounts to showing that D(∆ α (C φ,w )) is dense in D(C φ,wα ) in the graph norm of C φ,wα . Since, by (1) and Lemma 3 (ii), we have
and h φ,w < ∞ a.e.
[µ], it suffices now to use [10, Lemma 12.1] to get the required density.
(iv) According to (ii), ∆ α (C φ,w ) = C φ,wα if and only if D(∆ α (C φ,w )) = D(C φ,wα ), which, by (i) and (2) , is satisfied if and only if
By Lemma 3 (ii), the above is equivalent to [10, Lemma 12.3] , the latter equality holds if and only if there exists c ∈ (0, ∞) such that
Clearly, this is the same, as to say that there exists c ∈ (0, ∞) such that
which proves (iv) (v) follows immediately from (iii) and (iv).
In view of (3) and the assertion (i) of Theorem 4 we have.
Corollary 5. Assume (9) . Let α ∈ (0, 1]. Suppose that C φ,w is densely defined. Then
The following result sheds some light on the equality ∆ α (C φ,w ) = C φ,wα .
Proposition 6. Assume (9) . Let α ∈ (0, 1]. Suppose that C φ,w is densely defined. Consider the following four conditions:
[µ] on {h φ,w = 0} for some c ∈ (0, ∞).
Then (i) implies (ii), (ii) and (iii) are equivalent, and (iii) implies (iv). If
Proof. Suppose h φ,w c a.e. [µ] with some c ∈ (0, ∞). Hence, by (1), (6) and (8) 
[µ] on {h φ,w = 0} and thus (ii) is satisfied. It is clear that (ii) and (iii) are equivalent, that (iii) implies (iv), and that (iv) holds whenever h φ,w ∈ L ∞ (µ). The moreover part follows from Theorem 4 (iv).
It is obvious that the condition (iii) of Proposition 6 cannot hold if E φ,w (h α φ,w ) • φ −1 = 0 on a subset of {h φ,w = 0} of positive measure µ. The following example shows that this is actually possible. It also shows that the conditions (iii) and (iv) of Proposition 6 are not equivalent.
X , and µ be the counting measure on X. Let φ : X → X be given by φ(2n) = 2n − 1 and φ(2n − 1) = 2n for n ∈ N. Suppose w : X → R + . Clearly, C φ,w is a well-defined. Since φ is invertible and φ −1 = φ, E φ,w acts as the identity operator on
and thus
Therefore, we obtain
, n ∈ N.
Assuming that sup{w(n) : n ∈ N} = ∞, we deduce from (14) and [13, Proposition 8] that C φ,w is not bounded. Assuming additionally that w(1) = 0 and w(2) = 0, we see that E φ,w (h 1) = (1, 1) .
Given a sequence (a n ) ∞ n=1 of positive real numbers such that 0 is its cluster point we define the weight function w : X → (0, ∞) be defined by the below formulas:
Using (17), we obtain 
In particular, we see that
By inserting (15) and (16) into (17), we obtain
2 for every θ ∈ R, we see that the condition (ii) Proposition 6 holds.
Below we discuss the relation between C φ,wα and ∆ α (C φ,w ) in the case of assorted composition operators induced by linear transformations of R n . In particular, we provide an example of a composition operator C φ such that its Alutghe transform ∆ 1 2 (C φ ) differs from the associated composition operator
is an entire function such that a n is non-negative for every k ∈ Z + and a k0 > 0 for some k 0 1. Let µ = µ ρ be the σ-finite measure on A given by
where m n is the n-dimensional Lebesgue measure on R n and · is a norm on R n induced by an inner product. Let φ : R n → R n be invertible and linear. Clearly, φ induces a composition operator C φ in L 2 (µ). Changing the variables, we may assume that
Hence, by (3), C φ is densely defined. The boundedness of C φ has been fully characterized in [38, Proposition 2.2] in the following way:
if ρ is a polynomial, then C φ is bounded; if ρ is not a polynomial, then C φ is bounded if and only if φ −1
1.
Therefore, if ρ is polynomial and/or φ −1 1, then, by Theorem 4, both ∆ α (C φ ) and C φ,1α are bounded and coincide. If ρ is not a polynomial and φ −1 > 1, then C φ is not bounded and we have two possibilities: either φ 1, or φ > 1. In the first case, by (19) , C φ −1 is bounded. The latter, according to (4) and (18), implies that
with some c ∈ (0, ∞). Therefore, by Proposition 6 (i), ∆ α (C φ ) = C φ,1α . On the other hand, if φ > 1, then, by (19) , C φ −1 is not bounded. In this case, it may happen then that ∆ α (C φ,w ) = C φ,1α . Indeed, it suffices to consider φ such that φ 2 is the identity (keeping all the other assumptions). Then, since φ is invertible, the conditional expectation E φ := E φ,1 acts as the identity and thus using (18) we get
Since C φ is not bounded, the Radon-Nikodym derivative h 1/2 φ is not essentially bounded by (4), hence, in view of the above, there is no positive real number c such that
This, according to Theorem 4, is the same as to say that ∆ 1
There are known examples of densely defined weighted shifts on directed trees or densely defined composition operators in L 2 -spaces whose α-Aluthge transforms is not densely defined (see [39] for even more sophisticated ones). Below we discuss in more detail the circumstances of when C φ,w acting in L 2 -space with respect to the counting measure is densely defined while its α-Aluthge transform is not.
Example 10. Let X be a countable set, µ be the counting measure on 2 X , w : X → (0, ∞), φ : X → X, and α ∈ (0, 1]. In view of (2) and (13), we have
Assume that y∈φ −1 ({x}) |w(y)| 2 < ∞ for every x ∈ X. By Corollary 5 and (17), that
Thus we see that constructing an example of a densely defined C φ,w such that ∆ α (C φ,w ) is not densely defined amounts to finding a transformation φ and a weight function w satisfying the following two conditions
y∈φ −1 ({x})
Replacing the condition (2) above with
and leaving (1) leads to an example of a densely defined C φ,w such that ∆ α (C φ,w ) has trivial domain. Both the situations are possible (see [39, Theorem 6.6] ). It is worth noting that the triviality of the domain of ∆ α (C φ,w ) implies that φ −1 ({x}) has to be infinite for every x ∈ X.
Below we address the question of dense definiteness of C φ,wα . First, we note that applying (3), Lemma 3, Theorem 4, Corollary 5, and (8) gives the following.
Corollary 11. Suppose (9) holds, C φ,w is densely defined, and α ∈ (0, 1]. Then the following conditions are equivalent:
Next, we provide sufficient conditions for dense definiteness of C φ,wα written in terms of powers of C φ,w . We precede them with an auxiliary lemma.
Lemma 12. Assume (9) . Let α ∈ (0, 1), f : X → R + be A -measurable, and h φ,w < ∞ a.e. [µ] .
Proof. Fix α ∈ (0, 1) and assume that E φ,w (f α ) • φ −1 = ∞ on a set Ω ∈ A such that µ(Ω) > 0. Clearly, µ Ω ∩{h φ,w = 0} > 0 so me may assume, without loss of generality, that Ω ⊆ {h φ,w = 0}. Since µ is σ-finite and h φ,w < ∞ a.e.
[µ], we may also assume that µ(Ω) < ∞ and that h φ,w < c a.e. [µ] for some c ∈ (0, ∞). As a consequence, Ω h φ,w dµ < ∞. Set ∆ = φ −1 (Ω). Then
Moreover, by (8) , E φ,w f α (x) = ∞ for µ w -a.e. x ∈ ∆. Now, let Ω ∈ A be any subset of Ω such
We also see that µ w ∆ > 0. Indeed, otherwise by (1) we have
which contradicts the inclusionΩ ⊆ {h φ,w > 0}. Hence, by (6), we have
we deduce from (22) that
This in turn, again by (1) and (8), implies that
Because Ω was chosen arbitrarily, we deduce that (ii) have to be satisfied.
Proposition 13. Assume (9) . Let α ∈ (0, 1]. If C k φ,w is densely defined for some k ∈ N \ {1}, then C φ,wα is densely defined.
Proof. Clearly, it suffices to consider the case k = 2, thus we assume that C 2 φ,w is densely defined. Then in particular C φ,w is densely defined, or equivalently, by (3), h φ,w < ∞ a.e. [µ] .
Suppose contrary to our claim that C φ,wα is not densely defined. Then, by (3), h φ,wα = ∞ on a set of positive measure µ. This, by Lemma 3 (ii), implies that there exist a set Ω ∈ A such that 0 < µ(Ω) < ∞ and Ω ⊆ E φ,w h 
Let α ∈ (0, 1). Let w : X → (0, ∞) be any function satisfying the following three conditions
For example any w : X → (0, ∞) with w((k, 1)) = 1 k and w((k, 2)) = √ k for k ∈ N does the job. Let µ be the counting measure on 2 X and α ∈ (0, ∞). Then, by (13) and (17), we obtain
Consequently, by (2) and Lemma 3 (ii), both the operators C φ,w and C φ,wα are densely defined, while, in view of [13, Lemmata 26 and 43], C 2 φ,w is not densely defined. Employing [13, Theorem 45] we get a simplified version of Proposition 13 if w is nonzero (note that we use a different notation below than in [13] ). The following example shows that the assumption "C k φ,w is densely defined for some k ∈ N\{1}" in Proposition 13 cannot be in general replaced by "C φ k ,w [k] is densely defined for some k ∈ N\{1}". Example 16. Let (X, A , µ), φ : X → X, and w : X → C are such that (9) is satisfied, C φ,w is densely defined, C φ 2 ,w [2] is not densely defined, and C φ 3 ,w [3] is densely defined (see [13, Example 46] ). By [13, Lemma 44], C 2 φ,w is not densely defined. Moreover, by [13, Lemma 26] , E φ,w (h φ,w ) • φ −1 = ∞ on a subset of {h φ,w = 0} of positive measure µ. This, according to Lemma 12, yields that E φ,w (h α φ,w ) • φ −1 = ∞ on a subset of {h φ,w = 0} of positive measure µ for any α ∈ (0, 1). Therefore, by Lemma 3 (ii) and (3) C φ,wα is not densely defined for any α ∈ (0, 1).
p-hyponormality
In this section we investigate p-hyponormality of weighted composition operators and their Aluthge transforms. We begin with two auxiliary results the first of which seems to be folklore. Lemma 17. Let H be a complex Hilbert space, A be a normal operator in H, and P be an orthogonal projection on H. Assume that AP is normal and P A ⊆ AP . Then for every Borel function Φ : C → C we have 1 Φ(A)P = Φ(AP ).
Proof. Let E be the spectral measure of A. Since P A ⊆ AP , we have EP = P E and
which means that EP is a spectral measure of AP . In the same manner we get
Hence for f ∈ H we have f ∈ D(Φ(AP )) if and only if P f ∈ D(Φ(A)). This and
yield the claim.
Before the next lemma we recall that the mapping
where f w = χ {w =0} f w , is a well-defined contraction and E φ,w is a linear contraction on L 2 (µ w ) (cf. [13, (17) 
]).
Lemma 18. Assume (9) . Then the formula
Proof. First we observe that P is a bounded operator on L 2 (µ), which easily follows from the preceding remark. Now we prove that P 2 = P * = P . This follows immediately from the equality P = P * P , which in turn can be deduced from
Hence the proof is complete.
1 Both the expressions Φ(A) and Φ(AP ) are understood in terms of the functional calculus.
Combining the above two results with the description of the adjoint of a weighted composition operator given in Theorem 2 enables us to write down the formula for any positive power of the modulus of the adjoint of a weighted composition operator.
Theorem 19. Assume (9) . Suppose C φ,w is densely defined. Then the following equalities
Proof. Apply Theorem 2 and Lemmata 17 and 18 with
, a projection P given by (23) , and Φ(t) = t p .
Before giving a characterization of p-hyponormal weighted composition operators we need to recall the following lemma, which is an adaptation of [14, Lemma 2.3] to our context. We include a modified proof for the readers's convenience (it incorporates partially Herron's results from [24] on contractive weighted conditional expectation operators).
Then the following two conditions are equivalent:
(ii) µ w {g 1 = 0} \ {g 2 = 0} = 0 and E φ,w χ {g2 =0} g1 g2
This implies that E φ,w (χ Ω ) = 0 a.e. [µ w ] and so we have
Thus µ w (Ω) = 0. Next, using (7) and (24) with
, we get
with g := χ {g2 =0} g1 g2 . Hence, by (1) and (8), we get
which yields
a.e.
[µ] on {h φ,w = 0}.
In view of the fact that h φ,w • φ > 0 a.e. [µ w ], the above and (8) (25) which holds for every A -measurable functionf : X → R + . Now, substitutingf = g 2 f into (25) and using the fact that χ {g2 =0} g 1 f = g 1 f a.e. [µ w ], we see that (24) is satisfied. This completes the proof.
We are now in the position to prove the aforementioned characterization of unbounded phyponormal weighed composition operators (compare it with a recent characterization of hyponormal weighted composition operators in [13, Theorem 53] ). It is worth mentioning that p-hyponormality of bounded weighted composition operators was studied in [28] under restrictive assumptions mentioned in the Introduction. (iv) ⇒ (ii) In view of [13, assertion (A.11) ], the condition (ii) is equivalent to
Thus it suffices to use Lemma 20 with g 1 = h p φ,w • φ and g 2 = h p φ,w again. This completes the proof.
Combining the above result with the conditional Jensen's inequality we show using purely measure theoretic tools that p-hyponormal weighted composition operator is q-hyponormal for any 0 < q < p. Note that using the Heinz inequality (see [37, Proposition 10.14]) one can even prove a more general result: any p-hyponormal operator in a complex Hilbert space is q-hyponormal for 0 < q < p.
Proposition 22. Assume (9) . Let p ∈ (0, ∞). Suppose C φ,w is p-hyponormal. Then C φ,w is q-hyponormal for every q ∈ (0, p).
Proof. According to conditional Jensen's inequality (cf. [13, Lemma A.1] ) and Theorem 21 we have
for any q ∈ (0, p). Thus, by Theorem 21 we get q-hyponormality of C φ,w .
One of the important properties the Aluthge transformation of bounded operators has is that it improves p-hyponormality. We show below that this is shared by unbounded weighted composition operators (see Theorem 25 below) . Before that we consider a class of weighted composition operators larger than that of p-hyponormal ones, namely, the one described by condition (i) of Proposition 23 below. It is related to the class of p-hyponormal weighed composition operators in a way that resemble the relation between quasinormal and normal operators.
Proposition 23. Assume (9) . Suppose C φ,w is densely defined. Let p ∈ (0, ∞). Then the following two conditions are equivalent:
. In view of (1), (6) , and (8) we have
and using (1) and (28) we get
Combining this with (2), Theorem 1, and Theorem 19 we obtain
we see that
Hence we deduce
This and (8) imply
(ii) ⇒ (i) Assuming (32) we deduce (31) which, together with (29), yields the inclusion F ⊆ G. Consequently, it follows from (30) that |C * φ,w | p C φ,w f |C φ,w | p C φ,w f for every f ∈ F . This completes the proof.
Clearly, if C φ,w is p-hyponormal, then it belongs to the p-th class above. It turns out that p-hyponormality is even stronger property.
Proposition 24. Assume (9) . Suppose C φ,w is p-hyponormal for some p ∈ (0, ∞). Then for
Proof. First we note that due to p-hyponormality of C φ,w we have 0 < h φ,w < ∞ a.e. [µ w ] and so
[µ] which in turn can be proved in the following way. Suppose that there exists σ ∈ A such that µ(σ) > 0 and
which implies that
This of course contradicts the fact that h φ,w > 0 a.e. [µ w ]. Now, we fix q ∈ (0, ∞). According to Proposition 23 the proof boils down to showing that h q φ,w • φ E φ,w h q φ,w a.e. [µ w ]. That this inequality holds we deduce from
where ( †) follows from Theorem 21 and p-hyponormality of C φ,w while ( ‡) follows from
which is a consequence of the conditional Hölder inequality (see [13, Lemma A.1] ). Now we employ Theorems 4 and 21 to arrive at the following.
Proof. By Propositions 23 and 24 we have
which, together with (8), implies
Combining this with monotonicity of E φ,w and p-hyponormality of C φ,w we get
This yields
which, according to Lemma 3 (ii), is the same as
Applying Lemma 3 (iii) we get
from which we deduce hyponormality of ∆ 1−p (C φ,w ).
Remark 26. Another way of proving Theorem 25 is to use the inequality
which holds whenever p ∈ (0, ∞), α ∈ (0, 1], C φ,w is p-hyponormal and h φ,wα < ∞ a.e. [µ] . That this inequality is satisfied can be shown in a following way. First, using Propositions 23 and 24 we get 
Then, by Lemma 3 (iii), (34) , and p-hyponormality of C φ,w , we get Summing up, C φ,wα is hyponormal if and only if (α, θ) is satisfied. Analyzing linear mappings t → (1 − 2t)θ 2 + 2t − 1 and t → θ 4 (t − 1) + θ 2 − t we may show that for any fixed θ ∈ (0, 1) the set of all α's such that (α, θ) is satisfied is an interval of the form [r, 1 2 ]. Therefore, in order to obtain the desired example, it suffices to consider C φ induced by φ with any θ ∈ (0, 1), α = We point out here that the composition operator C φ itself cannot be r-hyponormal for any r ∈ (0, 1).
Quasinormality
Below we show that a weighted composition operator has to be quasinormal whenever it is a fixed point of the α-Aluthge transformation (cf. Suppose that ∆ α (C φ,w ) = C φ,w holds. This, the fact that weighted composition operators are closed, and Theorem 4 imply that C φ,wα = C φ,w . Let {X n } ∞ n=1 ∈ A satisfy µ(X n ) < ∞ and h φ,w < n on X n for every n ∈ N, and ∞ n=1 X n = X (such a sequence exists due to σ-finiteness of µ and h φ,w < ∞ a.e. [µ]). Using (2) we see that for every n ∈ N, χ Xn ∈ D(C φ,w ) and w · (χ Xn • φ) = w α · (χ Xn • φ). Hence, w = w α a.e. [µ] on φ −1 (X n ) for every n ∈ N. Since ∞ n=1 φ −1 (X n ) = X, we deduce that w = w α a.e. [µ] . This yields h φ,w = h φ,w • φ a.e. [µ w ]. Applying [13, Theorem 20] completes the proof.
